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Abstract 

In this manuscript, we discuss properties of modified Baskakov-Durrmeyer-Stancu (BDS) operators with parameter 
7 > 0. We compute the moments of these modified operators. Also, establish point-wise convergence, Voronovskaja 
type asymptotic formula and an error estimation in terms of second order modification of continuity of the function 
for the operators B%’P(f,x). 
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1. Introduction 


For x G [0, oo), 7>0, 0<a</3 and / G C[0, oo), we consider a certain integral type generalized Baskakov 
operators as 


B nnU{t)^) = 'Y^Pn,k, 1 {x) [ b n , kn {t)f (dt+Pn,0,y(x)f 

k =i Jo k n + p ) 


a 


( 1 . 1 ) 


w n „(x,t)f 


nt + a 
n + ft 


dt , 


where 

, > _ r(n /7 + k) _ (jx) k 

T(k + l)r(n/ 7 ) (1 + 'yx)( n /7)+ k ’ 

_ 7P(n/7 + k + 1) {nt) k ~ * l 

n,fc, 7 U r(fc)r(n/7 + 1) ’ (1 + 7 t)("/7)+fc+i 

and 

OO 

W n ^(x,t) = y^Pn,fc, 7 (^)&n,fc, 7 ft) + (1 + 7 X)~ n/l 5(t), 

k =1 

S(t) being the Dirac delta function. 

The operators defined by m are the generalization of the integral modification of well-known Baskakov oper- 
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ators having weight function of some beta basis function. As a special case, i.e. 7 = 1, the operators (I1.1J) reduce 
to the operators very recently studied in 1, ^|. Inverse results of same type of operators were establish in 3 : j|. Also, 
if a = ft = 0 , the operators ed reduce to the operators recently studied in [4| and if a = ; /3 = 0 and 7=1, the 
operators (EH) reduce to the operators studied in Q. The g-analog of the operators E 3 D is discussed in Q. We 
refer to some of the important papers on the recent development on similar type of the operators 7, 9|. The 

present paper deals with the study of simultaneous approximation for the operators . 


2. Moments and recurrence relations 


Lemma 1. If we define the central moments, for every m £ N as 

' nt + a 


r°° (nt + a \ m ( a \ 1 

(*^) -^n,7 (( ^ 2 ?) : 2,') ^ ' Pn,k, 7 (*^) J ^n,fc,7 (^) ( ^ ^ ~ 7 T •Ej dt T Pn,0,7 (*^) ( ^ ^ ~ 2 ;) 


then ^n, 0,7(2;) = 1 , Pn. 1 , 7 ( 2 ;) = and for n > 7 m we have the following recurrence relation: 

{n - 7 ?n)(n + /3)/u n>rn+ i, 7 (x) = nx(l + 72 ;) {/^^(x) + nbu„ im _i l 7 (x)} 

+ {mn + n 2 x — ( 27 ?n — n) (a — (?z + , 0 ) 2 :)} p n ,m,-y{ x) 

+ |to 7 (u + /3) - *) | 1 , 7 ( 2 ;)- 

From the recurrence relation, it can be easily verified that for all x £ [0, 00 ), we have n n ,m, 7 ( 2 ;) = 0(n _ ^ m+1 ^ 2 ^), 
where [a] denotes the integral part of a. 


Proof: Taking derivative of above 


A 


°° f °° (Tit ~\~ OL \ m— 1 / q, \ m—1 

(1 ,L, 7 ( x ) = -m^p n , fci7 (x) / & n ,fc, 7 (t) ( „ , Q - 2 ;) dt - top„, 0 , 7 (x) | ——-x 


fc =1 


n + (3 


Tit + O' \ 7( ( 1 ) / \ / 


n + /? 


-2; dt+fAE(x) 


00 /»00 / 

+ J2 P ni,^ X '> b n,kn(t)( 

fc= 1 V 

. , ^ ( 1 ) . , Z 100 , , \(nt +a \ m , ( 1 ) , , / a \ 

= -m/i„, TO _i, 7 (:r) + 2_,P„/ fei7 (:r) J^ b nXl {t) y n + p ~ X J dt+p y n ' 0n {x) - 2 ;J 

00 'nt + a 


,00 

2;(1 +72;) |/2n 1 (m, 7 (2 ; ) + ni/T^m-i^x) j = x(! + 72 ;)p^ ) fe 7 (a;) J ^ 6„,fc, 7 (t) 


n + /? 


— x 


dt 


+ x(l +7x)p^ } 0i7 (x) 


Using x(l + 72 ;)p„ > fc ; 7 ( 2 ;) = (fc - nx)p njfc , 7 (x), we get 

x(l + 7 X) {^^,7(2:) + 2 ?l^n,m-l, 7 (x)| 

00 /»oo 

= y^(A; - ra)p n ,fc )7 (x) / b n ,k n (t) . 

i._ 1 \n + p 


a 


n + /3 


— £ 


fc=l 

00 


nt + a \ „ , . a 

-x) dt + {—nx)p n fi^{x) ( rc - x 


00 f 00 (nt ol \ rn 

^ ^ J bn,k,~y{t) ^ ^ ^ Ey dt nX fl nrn ^ (#) . / nXll nrn ^ (#). ( 2 . 1 ) 
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We can write / as 


{ °° p OO / 

X>,*, 7 (*) J {(k - 1 ) - (n + 27 )t} b n ,k,-y{t) y 

00 /»00 ^ 

+ ^ ^ Pn,fc,7 (^) / b n ,k,'y(j'') 


nt + a 
n + /3 


— x ) dt 


nt + a 


n + f 3 

x /»oo 

(n + 27 ) y^Pn,fe, 7 (^) / tb n ,k,y (t) 

1 ./0 


k=l 
nt-\-ot 


dt 

j 

nt + a 
n + P 


- x dt > := h + I 2 (say) . 


( 2 . 2 ) 


To estimate / 2 using t = ^ | - x) - (+g - x ) j , we have 


/2 = 


(n + 2 y) (n + 0 ) 


n 

a 


00 pOO 

^ ^ Pn,k^{p^) / ^n,k, / y(j') 

.k =1 

) °° /»oo / 

X^Pn.fc+a;) J b nt k, 7 {t) y 

00 p OO 

^ ^ Pn,k,'y{'^) I ^n,k^{t) 

vJb= 1 J ° 

(^73 ~ *) J 0 K,k,-y{t) ^ 


nt + a \ 


m+1 


n + 0 
nt + a 




dt 


K n + P 

(n + 27 ) (n + /?) 


n + p 

nt + a 
n + P 

nt + a 
n + (3 


— x dt 


m+1 

-a:) dt.+p nt o, 7 (a;) 


-X dt +Pnfi, 1 {x) 


m+1 


u; \ 

n + /3 J 


n + p 



(n + 27 ) (n + /?) 


/^ro,m+1, 7 ( 3 ?) 


n + p 


% ) /^n,m, 7 ( 3 ?) r • 


( 2 . 3 ) 


Next, to estimate ii using the equality, {(fc — 1 ) — (n + 2 y)t} +fc, 7 (t) = t(l + jt)b^\ (t), we have 


{ °° f 00 ( nta \ m 00 ,00 

X+n.fc.T+y^ ^1^1,7ft) ( n + p - X J dt + Y^Pn,k n (x) + fc, 7 (t) 

00 /»oo /, 

+'1^2Pn,k,'y( X ) t 2 bn, l, 7 w( : 

i— n •'O \ 


nt + a 
n + P 


dt 


nt + a 


Again putting t = ^ | ( 


nt+a 

n+/3 


n + p 

(;+3 - *) } > we g et 


— x ) dt := Ji + J 2 (say) 


( 2 . 4 ) 


Ji — 


n + P 


^ + TO,fc, 7 ( 

] u 

\ OO 

„ +/3 + X>^( 




nt + a \ 


m+1 


n + (3 


a 


k=l 


OO poo / 

T y^Pn,fc, 7 (*^) j b n k n {t) f 

fc=l - 70 ^ 


( 1 ) 

u 

/ 0 
nt + a 
n + P 


*4+7 + 


nt + a 
n + p 

dt. 


dt 


— x\ dt 
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Now integrating by parts, we get 


v POO / 

Jl = -{m + 1) Y]pn,k,y(%) / b ni k,y{t) ( 

fc=l \ 


nt + a 
n + j .3 


— x dt 


+m 


) r°° / 

y ^Pn,k,y(x) J K,k,-y(t) ^ 


n + f 3 

x /* oo 

+ ^ ^ Pn,fc,7 (^) I ^n,k,'y(j') 

i _i ^0 


nt + a 
n + /3 


m—1 


dt 


k=l 


nt + a 
n + P 


— x dt 


= -(m + 1) jy>„,*, 7 0r) J b n> k,-y(t) ~ ^ dt +Pn, 0 ,'y(x) 

( a \ f nt + a \ m 1 , ( 

-\- 1 Tl ^~ _|_ ^ y / > Pn,k,■y\ 3 'J J Un,k,'y(J') ^ ~ _|_ ^ ^y H - Pn,0,7(*£) ^ 

00 /»oo 

+ ^ ^ Pn,fc,7 (^) / ^n,k,'y(j') 


n + /3 


m —1 


nt + a 

n + P 


-x) dt + p n fi,~/(x) 


a 

n + (3 


Ji — m p r) ) m _ 7 (x) -{-' 


£ ) Pn,m—l^px). 


K n + p 

Proceeding in the similar manner, we obtain the estimate J 2 as 


Ji = - 


7 (n + /3)(m + 2 ) 


/^n,771+1,7(2) “t” 27 


(n + /3)(m + 1 ) / a 


n + /3 


•X ) Mn,777,7 (2) 


7717(71 + P) f a 


•X j /1n,m —1,7(2)- 


n \n + P 

Combining (I2.1I) - (12.6I) . we get 
2(1 + 72 ) + ^Mn,m-i, 7 (a:)} 

— (2) “t“ XU | j ~ 2 j p, n r n—1, 7 (2) 


+ 27 


n + P 
(n + /3)(m + 1) / a 


7 (n + /3)(m + 2 ) 


Pn,m+1,7 (2) 


n + P 


•X j /1t7, 771,7(2) 


7717(71 + P) ( a 


+ 


(n + 27 ) (n + /3) 


^ ^ ^ pn,m— 1,7(2) XlX[l n rn ^(x') 


a 


P' 77 , 777 + 1,7 (2) ( -(- ^5 ^ ) ^77,777,7(2) ( ■ 


Hence, 


{n-')m){n +P)ii n}rn+ i^{x) = nx{l + -yx) {p^L^O^) + mp„ )TO _i i 7 (a;)} 

+ {mn + n 2 # — ( 27 m — 71) (a — (n + P)x )} p n ,777,7(2) 


+ < 7717(71 + P) 


a 


n + f 3 


— x — mn 


(2.5) 


( 2 . 6 ) 


n + P 


•X ) f p77,777—1,7(2). 


4 





























Remark 1. Q/ For meNU {0}, if the m th order moment is defined as 

/ h \ m 

^ra,771,7(2-) ^ ' Pra,fc,7(*^) ( 2? J ; 

fc=0 ^ ' 


i/ien U nfi ,j{x) = 1 , £/„, 1 , 7 ( 2 ;) = 0 and nU nt m+i,-y{x) = x(l +^x) (u^ ^x) + i, 7 (a;)J . 

Consequently, for all x £ [0, oo), we have U n ^ m ^(x) = 0(n^^ m+1 ^ 2 l). 

Remark 2. It is easily verified from Lemma Q] that for each x £ [0, oo) 


= — { 


n m r(n/7 + m)r(n/7 — to + 1 ) m 
n + /?) m r(n /7 + l)r(n/ 7 ) 

?nn m_1 r(n /7 + to — l)F(n /7 — to + 1 ) 


(n + / 3 ) m r(n /7 + l)r(n/7) 
am(m — l)n m_ 2 r(n/7 + to — 2)r(n/7 — m + 2 ) 

(n + / 3 ) m F(n /7 + l)r(n/7) 

X / n(m _ 2) + »W7-m + 2) l m _ 2 + 0(n _ 2) 

Lemma 2. 76 / Tke polynomials Qi,jx,i( x ) exist independent of n and k suck that 


{n(m — 1 ) + a(n/"/ — m + 1 )} x 


m—1 


{l(l + 'y x Y}D r [Pn,k,'f{x)\ 


E 

i,j> 0 


Tl {k TlXp Qi,j,r,nf (a;)pn,fc ,7 (a;), 


where D = 

dx 


Lemma 3. If f is r times differentiable on [0, oo), such that f( r ^ = 0{t v ), v > 0 as t —>■ oo, then for r = 1, 2, 3,... 
and n > v + "/r we have 


(B^ r \f,x) = 


i r T(n/j + 7 ')r(n /7 — r + 1 ) 
(n + / 3 )’T(n /7 + l)r(n/ 7 ) 


^ f OO / 

^ ^ Pn+7r,fc,7 («^) / ^n—7r,fc+r,7 (t)f {r) 

k =0 70 V 


( nt +1 


n + P 


dt. 


Proof: First 


00 /»00 

(R“;^) ( 1 ) (/,x) = (a:) / &n,fc, 7 (i)/ 

, ao 

Now, using the identities 


fe=i 


nt + a 
n + P 


dt-n{ l + 1 x)- n ^~ 1 f 


n + P 


Pn,k,j( X ) n {.Pn+-y,k—l,-y{ x ) Pn+ 7 , 70 , 7 ( 2 :)} 

= ( n “I" TO {^n+7,fc— — bn+j,k,j(x)J ■ 


(2.7) 

( 2 . 8 ) 
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for k > 1 , we have 




^ ^ ^ {Pn+ 7 ,fc—1,7(«^) Pn+ 7 ,fc, 7 (^)} J f ^ ^ _|_ ^ ^ ^ 

= np n+ 7 > 0 i 7 (a:) J frn+ 7 ,i, 7 (t)/ ^ ^ ^ dt - n(l + 7 x)~ nh ~ l f 


n + (3 


n + (3 


00 />00 

^ ^ Pn+ 7 ,fc, 7 (^) / {^n,fc+l, 7 (^) ^n,fc, 7 (^)} f 

k= 1 70 


nt + a 
n + (3 


dt 


= n(l+ 7 a ; )-^- 1 ^ 00 (n + 7 )(l + 7 f)-^- 2 /(^^) 


fc=l 


+n^p„ +7 , fc , 7 (aO / ( —^&^- 7 ,fc+ 1>7 (*) ) / 


nt + a 
n + /? 


dt 


dt 




Integrating by parts, we get 


TO?) (1) (/>*) = n( 1 + 7a: )-"/7- 1 / + _^_(i + 7X )-»/7 -i jf°(i + ^-"Ar-i/d) dt 

5ZPn+ 7 ,fc, 7 (a:) &„- 7 , fc+ i, 7 (t)/ (1) (777) dt ~ «(! + l x )~ nll ~ l f (777) 

nt + a 


n + P 


00 r 00 / 

(£“, 7 ) (1) (./» = — -s^Pn+^^ix) / & »- 7 ,fe+i, 7 (t)/ (1) ( 

n + /? fc =o - 70 v 


dt. 


n + f3 

Thus the result is true for r = 1 . We prove the result by induction method. Suppose that the result is true for 
r = i, then 


(n + /3) r(n/ 7 + l)r(n/ 7 ) ^ Jo 

Thus using the identities (12.71) and (12.81) . we have 

nT(n / 7 + i)T(n / 7 — i + 1 ) ( ^ , .. r , . , 

- ( n + / 3)ir(n/ 7 + l)T(n/ 7 ) -Pn+ 7 ( i+ i),fe, 7 (^)} 

x J d n - 7 ;,fc+i, 7 (t)/ W ^777^) dt 

- (n / 7 + i) (1 + 7 x ) _n/7_I_1 [ 6 „- 7 t,i, 7 (t)/ (l) ^ 'l 


nt + a 
n + f3 


dt. 


T(n / 7 + i + l)T(n / 7 — j + 1 ) 

(n + /3)*T(n / 7 + l)T(n/ 7 ) 
n*T(n / 7 + i + l)T(n / 7 — i + 1 ) 


__ ' + £7/ 

Pn+ 7 ( 2 +l), 0 , 7 (*^) / ^n—'yi, l+i ,7 (t)/W 


nt + a 
n + P 


dt 


(n + / 3 ) i T(n / 7 + l)T(n/ 7 ) ^+ 7 (^ 1 ),o, 7 (^) J q &»- 7 i,i, 7 (*)/ (0 ( n ^ 1 dt 

nT(n/ 7 + i + l)T(n/ 7 — i + 1) j”^ 

(n + /3)W(n/ 7 + l)T(n/ 7 ) |Z^+7(i+D,fc, 7 W 
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X ^ 7i,fc+i+l,7(^) b n — 72 ,/c+i ,7 

nT(n /7 +* + l)r(n /7 — i + 1) » 

(n + /?)‘r(n/ 7 + l)r(n/ 7 ) 


1 


kt 1 ) 


n /j — i 


(*) 


nt + a 


n - 


dt 


ri l T(n/'y + i + l)T(n/j-i + l) ^ 

+ (n + ^r(n/ 7 + l)r(n/ 7 ) Z^"+7h+i),fc,7W 


/o 




n /^ — i n-7(i-l),fc+j+l,7 

Integrating by parts, we obtain 


fc=i 

(*) ) / (0 


nt + a 


n - 


dt. 




* +1 r(n /7 + i + l)r(n /7 — i + 1) 
(n + /3) I+1 r(n/7 + l)r(n/ 7 ) 


^ ( Pn+ 7 (i+l),fc, 7 (*4 


k =0 


6 n _ 7(i _ 1)ifc+l+1 , 7 (t)/ (i+1) dt - 


This completes the proof of Lemma [3j 


3. Direct Theorems 

This section deals with the direct results, we establish here pointwise approximation, asymptotic formula and 
error estimation in simultaneous approximation. 

We denote (7^(0, oo) = {/ G C[0, oo) : |/(t)| < Mt^ for some M > 0, p > 0}, and the norm |j • || M on the class 
C^JO, oo) is defined as ||/|| M = sup |/(f)|f _M . It can be easily verified that the operators x ) are well defined 

0<£<oo 

for / G <^[0,00). 

Theorem 1. Let / G C/JO, 00 ) and f ^ exists at a point x G (0, 00 ). Then we have 

hm (B^f\f,x)=f^(x). 

n —Vrv~> v ’ ' ' 


Proof: By Taylor’s expansion of /, we have 


/(t) = ^ - x y + e (^ x )(t - x Y 


i =0 


where e(t , x) —> 0 as t —»• x. Hence, 


( B n^) (l) (f, x ) = ^ T~^ ( S “,7) (,) d* ~ X Y ’ X ) + ( B n',l) (l) (e{t,x)(t~x) r , x ) 


ll 

i =0 

R\ + i^2’ 
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First to estimate i?i, using binomial expansion of — x'j and Remark [2j we have 


*1 = E 


/ (<) 0» 




z=0 j=0 

f( r \x) f n r T(n/ r y + r)r(n /7 — r + 1) 


r! (n +/3) r r(n/7 + l)r(n/ 7 ) 


■r\ 


= / W (z) 

Next applying Lemma [2J we obtain 


ri r T(?r/7 + r)r(n/7 — r + 1 ) 
(n + /3) r T(n/'y + l)T(n/7) 


/•OO 

R 2 = W^(t,x)e(t,x) 

Jo 


nt + a 
n + P 


f lr \x) 


— x ) dt, 


as n —>• oo. 


1^2 | < n> E|fe~ 

2i+,'<r W+7Zjj- fc=1 Jo 


2i+j< 

i,j>0 


nt + a 


n + P 


dt 


+ 


r(Tl / 7 + r + 2) + , 

F(n/ 7 ) 


a 


n + /I 


The second term in the above expression tends to zero as n —> oo. Since e(t, x) —> 0 as t —>• a; for given e > 0, there 
exists a (S 6 (0,1) such that |e(t,a;)| < e whenever 0 < \t — x\ < S. If r > max{/j, r}, where r is any integer, then 
we can find a constant M 3 > 0, such that [e(t, x) ( ”*+? — x) r | < M 3 1 — a;| T for |t — x| > < 5 . Therefore, 

nt + a 


|R 2 1 < M 3 E n< E |fc - nx\ J Pn : k,'yix) <£ b ni k,j(x) 

2i+j<r k=0 l J\t-x\<8 

i,j> 0 


n + p 


dt 


|i—x|><5 


bn,k, 7 (^) 


nt + a 


n + P 


— x 


dt / —! R 3 T R 4 . 


Applying the Cauchy-Schwarz inequality for integration and summation, respectively, we obtain 


{ °° 1 1//2 f 00 f°° / 

- nx) 2j p n ,k,~t(x) > S^2pn,k^{x) 6 n ,fc, 7 (t) ( 

fc=l J lfc=l 1 '° ' 

i,j> 0 

Using Remark [T| and Lemma |I] we get i? 3 < eO{n r t 2 )0(n ~ r / 2 ) = e • 0(1). 


nt + a 
n + P 


2r 


1/2 


dt 

























Again using the Cauchy-Schwarz inequality and Lemma [TJ we get 


OO r> 

|i? 4 | < M 4 n i y2\k-nx\ j p n ,k,-y{x) / &n,fc, 7 (t) 

I ;_ 1 J\t—x\>8 


2i-\-j<r k= 1 

*,i>o 


< M 4 ^2 nl ^2\ k - nx\ J Pn yk ,j{x) 


2i-\-j<r k=1 

i,j> 0 


' |t—x|><5 


^n,fc, 7 (^) 


nt + o; 
n + /? 


|£—:r|><5 

f 

|i—x|><5 
. 1/2 


nt + a 


n + /3 

s 1/2 


— X 


dt 


bn,k,~/ (t)dt 


— a; dt, 


! °° 'I l / 2 ( oo „oo / 

B* Tiai) ^ Pn,k,'y( x ') / % ^ ^ Pn,k^j(^ j ^n,fc, 7 (t) ( 

fc=l J lfc=l 1 '° ' 

»,/>0 

= ^ n l 0(n j/2 )0(n~ T/2 ) = 0(n (r " T)/2 ) = o(l). 


nt + a 
n + P 


2t 


1/2 


dt 


2i+j<r 

i,j> 0 


Collecting the estimation of i?i — f? 4 , we get the required result. 

Theorem 2. Let / € (7 M [0, oo). If f( r+2 '> exists at a point x € (0, oo), t/ien 


JLim, n | ( ’ } (/, x) - / (r) (x) | = r(y(r - 1) - /3)/ (r) (x) + {r 7 (l + 2x) + a - /3x} / (r+1) (a;) 

+x(l + 7x)/ (r+ 2 )(x). 


Proof: Using Taylor’s expansion of /, we have 


/(t) = ^-— 7 j —-it — x) 1 + e(t, x)(f — x) r+ , 


i =0 


where e(t, x) —>• 0 as t —>■ x and eft, x) = 0((f — x) M ), t —► oo for p > 0. 

Applying Lemma [1] we have 

n (fi x ) - f (r \ x )} = n LJfl (B%2) {,) ((t - x)\x) - / (r) (x) j 

+ n {(B“^) W (eft, x)(t - x) r+2 ,x )} := E, + E 2 


(3.1) 
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First, we have 


r *+2 


i =0 ' . 7=0 


+ ^( r + l)f n {( r + 1 )(- a: ) ( B %0 (r) (* r > a: ) + ( B n^) {,) (* r+ \z)} 

+ / (rT2)! ) n { (r + 2 2 r + 1) :E2 ( B “^) (r) (r ’ :c) + (r + 2)( - x) (* r+1 ^) 

+ (^) W r +2 ^')} 

= f (r)/ ^ { n r r(n/ 7 + r)r(n/ 7 -r + l) _ 1 

7 (n + OTn/ 7 + l)r(n/ 7 ) / 


/ (r+1) (aQ f, ,w_ ' n r T(n/ 7 + r)r(?z /7 — r + 1 ) ( 
(r + 1 )! ?7 \ X (n +P) r V{n/ 7 +l)V(n/ 7 ) 

n r+1 T(n/ 7 + r + l)T(n/ 7 — r) 


+ 


(n + f3) r+1 T(n/ 7 + l)T(n/ 7 ) 

(r + l)n r V(n/ 7 + r)T(n/ 7 — r) 


(r + l)!x 

{nr + a(n/ 7 — r)} r! 


+ 


(n + /3) r+1 T(n/ 7 + l)r(n/ 7 ) 

f( r+2 \x ) ^(r + l)(r + 2) 2 n r T(n/ 7 + r)Y{n/ 7 — r + 1) ^ 


(r+ 2)! 


(n + /3) r T(n/ 7 + l)r(n/ 7 ) 


-x(v + 2 ) { n y T t l l + J + i m ^?~, r }ir + 1 )!* 


{n + j3) r+1 Y{n/ 7 + l)r(n/ 7 ) 
(r + l)n r r(n /7 + r)V{n/ 7 — r) 


(n + j3) r+1 Y{n/ 7 + Y)Y[n/ 7 ) 


{nr + a(n/ 7 — r)} r! 


n r+2 T(n/ 7 + r + 2 )r(n /7 — r — 1 ) (r + 2)! 

(n + f$) r+2 Y{n/ 7 + Y)Y[n/ 7 ) 2 

(r + 2 )?i r+1 r(n /7 + r + l)r(n/ 7 — r — 1 ) 


+ 


(n + P) r+2 T{n/ 7 + l)r(n/ 7 ) 
a(r + l)(r + 2)n r r(n/7 + r)Y(n/ 7 — r) 


{n(r + 1 ) + a(n/ 7 — r — 1 )} (r + 1 )!# 


nr ■ 


a(n/ 7 — r) 


(n + f3) r T(n/ 7 + l)T(n/ 7 ) {' ’ 2 

Now, the coefficients of /( r+ 1 )(x) and f( r+2 l (x) in the above expression are tend to r( 7 (r — 1 ) — /?), 

7 * 7(1 + 2x) + a — (3x and x(l + 72 ;) respectively, which follows by using induction hypothesis on r and taking the 
limit as n —» 00 . Hence in order to prove ED, it is sufficient to show that £12 —> 0 as n —> 00 , which follows along 
the lines of the proof of Theorem [1] and by using Remark [Q Lemma [1] and Lemma [5] 


Remark 3. Particular case a = {3 = 0 was discussed in (\Jf, Th. 4-1), which says that the coefficient of f( r+1 \x) 
converges to r(l + 272 ) but it converges to r 7 { 1 + 2x) and we get this by putting a = /3 = 0 in above Theorem. 

Definition 1. The m th order modulus of continuity tv m (f, 6 , [a, b]) for a function continuous on [a,b] is defined by 


u m (f,8, [a, 6 ]) = sup{|A£7(a;)| : \h\ < 8-,x,x + h € [a, 6 ]}. 
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For m = 1, w m (/, S) is usual modulus of continuity. 

Theorem 3. Let f € 0, oo) for some g, > 0 and 0<a<ai<bi<b< oo. Then for n sufficiently large, we 

have 

I \(B^ r \f, •) - f (r) \\c[a,M) < M lW2 (/«,n- 1 / 2 , [ai,&i]) + M 2 n- 1 ||/|| M , 
where M\ = Mi(r) awe? M 2 = M 2 (r, /). 


Proof: Let us assume that 0 < a < a 4 < b± < b < oo. For sufficiently small rj > 0, we define the function /^ j2 
corresponding to / G C M [a, &] and f € [a\, 6i] as follows: 

rv /2 /-»j/2 

fvA*) = V~* / (/(*) - A|/(t)) dM*2, 

a-rj/2 J-r //2 

where h = (p +f 2 )/2 and is the second order forward difference operator with step length h. For / € C[a, 6], 
the functions / r; . 2 are known as the Steklov mean of order 2, which satisfy the following properties jll|: 


(a) fri ,2 has continuous derivatives up to order 2 over [a\, bf\] 

( b ) Wf^lWcia^bx] < M 1 i]- r u 2 {f,r],[a,b)),r= 1 , 2 ; 

(c) ||/-/^ 2 ||c[a 1 , 6 1 ] < M 2 w 2 (/,ry, [a, 6]); 

(d) Wf^Wc^M] < M 3 ||/IU, 

where Mi, i = 1, 2, 3 are certain constants which are different in each occurrence and are independent of / and ij. 
We can write by linearity properties of P“’^, 


11 (/,-)-/ 


( r ) | 


C[ai,bi] ^ 


ll(^) (r) (/-/ I7 ,2,-)||c[a 1 ,6 1 ] 

+IK^) (r) 4 2 ,-) -/SlIcio.M + ll/ w -f^Wc^M 


P\ + P 2 + P 3 - 


Since / b 2 = (f^) v , 2 (t), by property (c) of the function /^ i2 , we get 


P 3 < M 4 w 2 (/ (r) ,r?, [a, 6]). 


Next, on an application of Theorem[2] it follows that 


r+2 


P2<M 5 n- 1 ^||/«|| c[Q , b] . 

i=r 

Using the interpolation property due to Goldberg and Meir Q, for each j = r, r + 1, r + 2, it follows that 

ll/Sl|c[a,6] < Meill/^IICM] + Il4;2 +2) ||c[a, & ]}. 

Therefore, by applying properties (c) and (d) of the function / TJ>2 , we obtain 

P 2 < M 7 • n-^ll/IU + 5- 2 u 2 (f( r \ii, [a, &])}. 
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Finally we shall estimate Pi, choosing a*, b* satisfying the conditions 0 < a < a* < ai < &i < b* < b < oo. Suppose 
h(t) denotes the characteristic function of the interval [a*,fr*]. Then 


Pi < ii( f(t) - f v , 2 (t)) ,oiicia,^] + ik^) w ((i - m m - /^(t)) 

:= P 4 + P 5 . 


lG[ai,bi] 


By Lemma [3j we have 

ri r T(n/'y + r)T(n/'y — r + 1) 

(n + /3) r r(n/7 + l)r(n/ 7 ) 


5 ] Pn+7r,fc,7 (®) 


k —0 


X / 6„,_. 


n— 7 r,fc+r, 


Hence, 




nt + a 
n + /3 


dt 


11 (B^rm m - /„ l2 (t)), oiicm < m 8 h/w - 4311^.,^]. 

nt + a 


Now, for x G [ai, 61 ] and t G [0, oo) \ [a*, 6 *], we choose a 5 > 0 satisfying 


n + /3 


Therefore, by Lemma [2] and the Cauchy-Schwarz inequality, we have 


> d. 


and 


|i| < E 




2i-\-j<r 

i,j> 0 


0 


n'T 7 TF 53^ fc -7( x )l fc “ n;r l' 

(1 + 7®)} r ^ 


x bn tkn (t) (l - ft(t)) / ^ 
T(n /7 + r) 


nt + a 


+ 


n + /? 


— /?7,2 


nt + a 


n + P 


dt 


T(n/ 7 ) 

For sufficiently large n, the second term tends to zero. Thus 


n + P 


- fv ,2 


n + (3 


OO « 

i-fi < m 9 ||/iu 53 « i 53p™.fc.7( ;r )i fc - ria; i' 7 / 

7 ..— 1 


2 i+j<r /c—1 

i,j>0 


nx\ J i b n: k, 7 (t)dt 
\t— a?|><5 


< Msll/H^ 2m 53] n^^lfc-naf 


2 i+j<r fe=l 

i,j> 0 


bn.k,') (t)dt 


1/2 


^n,fc, 7 (t) 


, i \ 4m \ 

nt + a \ , \ 


n + /? 


— x 


1/2 


dtj 


1/2 


< M 9 \\f\\ li 5~^ m 53 n * 53 p ”> fe >7( a; )i fc - i "' r|2j 


nx r 


2i-\-j<r \k— 1 

i,j>0 


, r, , , (nt + a \ 4m \ 
x I 2^Pn,k,j{X) J On,fc, 7 (t) n ^ ~ X J dtj 


1/2 
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Hence, by using Remark [T] and Lemma [TJ we have 


|/| < Mio||/IU~ 2m O (nd+U/V-rn)^ < M nn -9 1 


I Mi 


L . Therefore, by property 


where q = m — (r/2). Now choosing to > 0 satisfying g > 1, we obtain / < Mun 1 | 

(c) of the function f v , 2 (t), we get 

Pi < M 8 ||/ ( ’- ) -/W|| c[o . i 6 .]+M 11 n- 1 ||/|U 

< Mi 2 w 2 (/ (r,) ,??, [a, 6 ]) + Mh7i - 1 ||/|| m . 

Choosing q = n -1 / 2 , the theorem follows. 

Remark 4. In f/ie last decade the applications of q-calculus in approximation theory is one of the main area of 


research. In 2008, Gupta, fl 31 is introduced q-Durrmeyer operators whose approximation properties were studied in 
[Iff. More work in this direction can be seen in \l5, 16, Ilf 
A Durrmeyer type q-analogue of the B%’P(f,x) introduce as follows: 


Kn,qU,x) = f2Pn,k,^ X ) 1 +P q n,O n ( X )f 


[n] q + /3 


(3.2) 


where 




£ r 9 (n /7 + fc) 


(qjx) k 


K, k ,^)=l^ 


T q {k + l)T q {n/'y) (1 + qi x)^ +k 

{At?' 1 


j£ T g (n/7 + k + 1) 


r 9 (fc)r 9 (n/ 7 + 1 ) (1 + lt )^ h)+k+ 1 


and 


o/A 


f{x)d q x = (l-q) X! f ( “T ) T’ A>0 - 


A J A 

n=—oo " ' 

Notations used in m can be found in jpl /. For the operators \3.2\) . one can study their approximation properties 
based on q-integers. 
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